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Q-points and rapid ultrafilters

Definition.

A free ultrafilter ¢/ is called a Q-point if for every {Q; : i € w},
a partition of w into finite sets, there exists U € U such that
(Vi ew) |UNQ| <1.
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Q-points and rapid ultrafilters

Definition.

A free ultrafilter ¢/ is called a Q-point if for every {Q; : i € w},
a partition of w into finite sets, there exists U € U such that
(Vi ew) |UNQ| <1.

A free ultrafilter U/ is called rapid if for every {Q; : i € w},
a partition of w into finite sets, there exists U € U such that

(Vi ew) UNQ| < i.
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Q-points and rapid ultrafilters

Definition.

A free ultrafilter ¢/ is called a Q-point if for every {Q; : i € w},
a partition of w into finite sets, there exists U € U such that
(Vi ew) |UNQ| <1.

A free ultrafilter U/ is called rapid if for every {Q; : i € w},
a partition of w into finite sets, there exists U € U such that
(Vi ew)|UNQ| <.

Alternative definition of an rapid ultrafilter:

A free ultrafilter U is called rapid if the enumeration functions of
its sets form a dominating family in (w*, <*).
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Existence of Q-points and rapid ultrafilters

Every Q-point is rapid, but the converse is not true.
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Existence of Q-points and rapid ultrafilters

Every Q-point is rapid, but the converse is not true.

Theorem (Booth?).
(CH) Q-points exist.
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Existence of Q-points and rapid ultrafilters

Every Q-point is rapid, but the converse is not true.

Theorem (Booth?).
(CH) Q-points exist.

Theorem (Miller).
In Laver’s model there are no rapid ultrafilters.
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Existence of Q-points and rapid ultrafilters

Every Q-point is rapid, but the converse is not true.

Theorem (Booth?).
(CH) Q-points exist.

Theorem (Miller).
In Laver’s model there are no rapid ultrafilters.

In every model where Q-points are known not to exist,
rapid ultrafilters do not exist either.
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Generic existence

Definition (Canjar).

We say that Q-points (respectively rapid ultrafilters) exist
generically if every filter of character < v is included in a
Q-point (respectively rapid ultrafilter).
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Generic existence

Definition (Canjar).

We say that Q-points (respectively rapid ultrafilters) exist
generically if every filter of character < v is included in a
Q-point (respectively rapid ultrafilter).

Theorem (Canijar).
The following are equivalent:
e COV(M) =,
e QQ-points exist generically,
o Rapid ultrafilters exist generically.
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Generic existence — questions

Definition.

We say that Q-points (respectively rapid ultrafilters) exist
generically if every filter of character < ¢ is included in a Q-point
(respectively rapid ultrafilter).
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Generic existence — questions

Definition.

We say that Q-points (respectively rapid ultrafilters) exist
generically if every filter of character < ¢ is included in a Q-point
(respectively rapid ultrafilter).

Question 1. Which equality of cardinal invariants describes the
generic existence of Q-points (rapid ultrafilters) if we consider
the modified definition?

Question 2. Are general existence of Q-points and general
existence of rapid ultrafilters equivalent also in this new
definition?
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Product of ultrafilters

Definition.

Leti/ and V, n € w, be ultrafilters on w.

The product of ultrafilters ¢/ and ), denoted by &/ x V), is an
ultrafilter on w x w defined by A € U x V if and only if
{n:{m:(n,m) e A} eV} e U.
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Product of ultrafilters

Definition.

Leti/ and V, n € w, be ultrafilters on w.

The product of ultrafilters ¢/ and ), denoted by &/ x V), is an
ultrafilter on w x w defined by A € U x V if and only if
{n:{m:(n,m) e A} eV} e U.

It is known that &/ x V is never a Q-point.
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Product of ultrafilters

Definition.

Leti/ and V, n € w, be ultrafilters on w.

The product of ultrafilters ¢/ and ), denoted by &/ x V), is an
ultrafilter on w x w defined by A € U x V if and only if
{n:{m:(n,m) e A} eV} e U.

It is known that &/ x V is never a Q-point.

Theorem (Miller).
U x V is arapid ultrafilter if and only if V is rapid.
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Summable ideals

Definition.

Given a function g : w — [0, 00) such that ) g(n) = oo then
ncw

the family

Ig:{Agw:Zg(a) < +o0}
acA
is a proper ideal which we call summable ideal determined by

function g.
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Definition.

Given a function g : w — [0, 00) such that ) g(n) = oo then
ncw

the family

Ig:{Agw:Zg(a)<+oo}

acA

is a proper ideal which we call summable ideal determined by
function g.

A summable ideal is tall if and only if nlim g(n)=0.
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Characterization of rapid ultrafilters

Theorem (Vojtas).

The following are equivalent for an ultrafilter &/ € w*:
e U is rapid
e UNZy# () for every tall summable ideal Zg



Introduction Summable ideals Proofs Questions References
0000 0®0 000 fele} o

Characterization of rapid ultrafilters

Theorem (Vojtas).

The following are equivalent for an ultrafilter &/ € w*:
e U is rapid
e U NIy +# 0 forevery tall summable ideal Zg4

One can add two more equivalent conditions:

e (Vf:w — wone-to-one) (U € U) such that f[U] € Zg
for every tall summable ideal Z,4



Summable ideals
oeo

Characterization of rapid ultrafilters

Theorem (Vojtas).

The following are equivalent for an ultrafilter &/ € w*:
e U is rapid
e U NIy +# 0 forevery tall summable ideal Zg4

One can add two more equivalent conditions:

e (Vf:w — wone-to-one) (U € U) such that f[U] € Zg
for every tall summable ideal Z,4

e (Vf:w — wfinite-to-one) (3U € U) such that f[U] € I,
for every tall summable ideal Zg4
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Tg-ultrafilters

Definition.

An ultrafilter i/ € w* is called an Z,-ultrafilter
if for every f : w — w there exists U € U such that f[U] € T,.
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Tg-ultrafilters

Definition.

An ultrafilter i/ € w* is called an Z,-ultrafilter
if for every f : w — w there exists U € U such that f[U] € T,.

Rapid ultrafilters need not be Zg-ultrafilters.
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Tq-ultrafilters

Definition.

An ultrafilter & € w* is called an Zg-ultrafilter
if for every f : w — w there exists U € U such that f[U] € T,.

Rapid ultrafilters need not be Zg-ultrafilters.

e If ¢/ and V are Zgy-ultrafilters then the ultrafilter product
U x Vis also an Zy-ultrafilter.
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Tg-ultrafilters and Q-points

Theorem 4.

(MAipie) For every tall ideal Z there is a Q-point which is not
an Z-ultrafilter.
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Tg-ultrafilters and Q-points

Theorem 4.

(MAipie) For every tall ideal Z there is a Q-point which is not
an Z-ultrafilter.

Theorem 5.

(MA(tple) Assume {Z,, : o < ¢} is a family of tall ideals. There is
a Q-point which is not an Z,-ultrafilter for any « < .
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T4-ultrafilters and Q-points

Theorem 4.

(MAipie) For every tall ideal Z there is a Q-point which is not
an Z-ultrafilter.

Theorem 5.

(MA(tple) Assume {Z,, : o < ¢} is a family of tall ideals. There is
a Q-point which is not an Z,-ultrafilter for any « < .

Corollary 6.

(MA¢ipie) There is a Q-point which is not an Zg-ultrafilter for any
summable ideal Z.
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Tg-ultrafilters and Q-points

Theorem 7.

(MA¢tpie) There exists U € w* such that i is an Zg-ultrafilter for
every tall summable ideal Zy and U/ is not a Q-point.
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Tg-ultrafilters and Q-points

Theorem 7.

(MAipie) There exists U € w* such that U/ is an Zg-ultrafilter for
every tall summable ideal Zy and U/ is not a Q-point.

The idea of the proof:
1. Take V which is Zg-ultrafilter for every 7.
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Tg-ultrafilters and Q-points

Theorem 7.

(MAipie) There exists U € w* such that U/ is an Zg-ultrafilter for
every tall summable ideal Zy and U/ is not a Q-point.

The idea of the proof:
1. Take V which is Zg-ultrafilter for every 7.

2. Putid =V x V where V.
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T4-ultrafilters and rapid ultrafilters

Corollary 6.

(MA_tple) There is a Q-point which is not an Zy-ultrafilter for any
summable ideal Z.

Corollary 8.

(MA¢tple) There is a rapid ultrafilter which is not an Zg-ultrafilter
for any summable ideal Z,.
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T4-ultrafilters and rapid ultrafilters

Corollary 6.

(MA_tple) There is a Q-point which is not an Zy-ultrafilter for any
summable ideal Z.

Corollary 8.

(MA¢tple) There is a rapid ultrafilter which is not an Zg-ultrafilter
for any summable ideal Z,.

If U € w* is an Zg-ultrafilter for every tall summable ideal Z,
then U is a rapid ultrafilter.
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T4-ultrafilters and rapid ultrafilters

Theorem 9.
(MA_tple) There is an Z; -ultrafilter which is not a rapid ultrafilter.
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Theorem 9.
(MA_tple) There is an Z; -ultrafilter which is not a rapid ultrafilter.

Theorem 10.

(CH) For every tall summable ideal Z, there is an Zgy-ultrafilter
which is not rapid.
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Q-points need not be Z,-ultrafilters

Proof of Theorem 5.

Theorem 5.

(MAgipie) Assume {Z, : a < ¢} is a family of tall ideals. There is
a Q-point which is not an Z,-ultrafilter for any o < .



Introduction Summable ideals Proofs Questions References
0000 000 000 oo o
o 0000 o

Q-points need not be Z,-ultrafilters

Proof of Theorem 5.

Theorem 5.

(MAgipie) Assume {Z, : a < ¢} is a family of tall ideals. There is
a Q-point which is not an Z,-ultrafilter for any o < .

Definition.

Afamily A= {Ayn:a € l,necw} C P(w)is called independent
with respect to a filter base F if {Ayn: n € w} is a partition of w
into infinite sets for every a € land (VB € F) (VM € [[]<%)

(\V/f . M — w) |Bﬂ ﬂﬁEMAﬁ,f(/B)‘ = W.
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Proof of Theorem 5

QOutline of the construction

1. List all partitions of w into finite sets as {Q,, : a < ¢}.

2. For a < ¢ construct filter bases F,

and families A, = {Agn: < a,n € w}

such that for every a < ¢ the following hold:

(i) Fo is the Fréchet filter, A, is partition of w into infinite sets

(i) Fo 2 Fs, Aa 2 Ag Whenever a >
(ii) Fy =Upery Far Ay = Uy, Aa for  limit
(iv) (Va) [Fol < laf-wand [Au| < af-w
(v) (Ya) A, is independent with respect to F,

)

(Vi) (Vo) (3B € Fast) (VQ € Qu) |BN Q| < 1
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Proof of Theorem 5

QOutline of the construction

. List all partitions of w into finite sets as {Q, : a < ¢}.

. For a < ¢ construct filter bases F,
and families A, = {Agn: < a,n € w}
such that for every a < ¢ the following hold:

(i) Fo is the Fréchet filter, A, is partition of w into infinite sets
(i) Fo 2 Fs, Aa 2 Ag Whenever a >
(ii) Fy =Upery Far Ay = Uy, Aa for  limit
(iv) (Vo) [Fo| < ol -wand [Aa| < af - w
(v) (Ya) A, is independent with respect to F,

)

(Vi) (Vo) (3B € Fast) (VQ € Qu) |BN Q| < 1

. Complete the induction step using two lemmas:
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Proof of Theorem 5

Induction step

Lemma 5a.

(MA ipje) Assume F is a filter base on w with | F| < ¢ and
A={Asgn: 8 <a,new}, a<cisindependentw.r.t. F.
Then there exists a partition of w into infinite sets
{Ast1n:new}lsuchthat A/ = AU{A,11p:NEwW}is
independent with respect to F.

Lemma 5b.

(MA¢ipie) Let F be a filter base on w with [ F| < ¢,

A={Agn: 0 < a,ncw}, a<canindependent family w. r. t.
to Fand Q = {Q; : i € w} a partition of w into finite sets.

Then there exists C C w such that [CN Q| < 1 for every Q € Q
and A is independent with respect to the filter base F
generated by F and C.
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T4-ultrafilters need not be rapid

Proof of Theorem 10.

Theorem 10.

(CH) For every tall summable ideal Z, there is an Zgy-ultrafilter
which is not rapid.
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T4-ultrafilters need not be rapid

Proof of Theorem 10.

Theorem 10.

(CH) For every tall summable ideal Z, there is an Zgy-ultrafilter
which is not rapid.

Theorem 10a.

(CH) For arbitrary tall summable ideals Zy and Z;, such that
Ty £k In there is an Zy-ultrafilter ¢4 with &/ N Zp, = 0.
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T4-ultrafilters need not be rapid

Proof of Theorem 10.

Theorem 10.

(CH) For every tall summable ideal Z, there is an Zgy-ultrafilter
which is not rapid.

Theorem 10a.

(CH) For arbitrary tall summable ideals Zy and Z;, such that
Ty £k In there is an Zy-ultrafilter ¢4 with &/ N Zp, = 0.

Proposition 10b.

For every tall summable ideal Zg there is a tall summable ideal
Zp such that Ig Lk ITh.
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Possible extension and its limits

Is it possible that an ultrafilter is an Zg-ultrafilter for “many" tall
summable ideals simultaneously and still not a rapid ultrafilter?
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Is it possible that an ultrafilter is an Zg-ultrafilter for “many" tall
summable ideals simultaneously and still not a rapid ultrafilter?

Proposition 11.

There is a family D of tall summable ideals such that |D| =0
and an ultrafilter U/ € w* is rapid if and only if it has a nonempty
intersection with every tall summable ideal in D.
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Possible extension and its limits

Is it possible that an ultrafilter is an Zg-ultrafilter for “many" tall
summable ideals simultaneously and still not a rapid ultrafilter?

Proposition 11.

There is a family D of tall summable ideals such that |D| =0
and an ultrafilter U/ € w* is rapid if and only if it has a nonempty
intersection with every tall summable ideal in D.

Proposition 12.

(CH) If D is a countable family of tall summable ideals then
there is an ultrafilter U € w* such that i is an Z-ultrafilter for
every 7 € D, but U/ is not a rapid ultrafilter.
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Questions

Let D be a family of tall summable ideals.

Question 3.

What is the minimal size of the family D if rapid ultrafilters can
be characterized as those ultrafilters on w which have a
nonempty intersection with all the ideals in the family D?
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Questions

Let D be a family of tall summable ideals.

Question 3.

What is the minimal size of the family D if rapid ultrafilters can
be characterized as those ultrafilters on w which have a
nonempty intersection with all the ideals in the family D?

Question 4.

Is it true that whenever the cardinality of D is less than o then
there exist an ultrafilter on the natural numbers which is an
I4-ultrafilter for every Z, € D, but not a rapid ultrafilter?
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